The concept of a maximal cover is introduced. A space is realcompact if and only if every maximal cozero cover has a countable subcover, and a space is topologically complete if and only if every maximal open cover is normal. A space X is almost realcompact [3, p. 128] if for every maximal open filter sf of X with Π J^ = 0, there exists a countable subfamily & of j^ such that Π ϋ? = 0. Every realcompact space is almost realcompact and in [1] it is shown that every completely regular, Hausdorff, weak cb, almost realcompact space is realcompact. If / is a perfect map of X onto Y, then X almost realcompact implies Y is almost realcompact and Y almost realcompact and regular implies X is almost realcompact [3, 8, p. 134] .
The reader is referred to [4] for the basic ideas of rings of continuous functions. A map will be used to designate a continuous onto function. A map is said to be closed if the image of each closed subset of the domain is closed in the range. If the inverse image of each compact set in the range is compact, then the map is said to be compact. Perfect maps are those which are closed and compact. A cover Ήf is said to be normal if there exists a locally finite cozero refinement of <?/. The upper and lower limit functions of a realvalued function / on X are defined as follows: f*(x) = inf {sup f(y): N is a neighborhood of x) ye A 572 NANCY DYKES /*(x) = sup {inff(y): N is neighborhood of x) . yeN A real-valued function / is normal lower semίcontinuous (n.l.s.c.) if /* is real-valued and /-(/*)*. A space X is weak cb, if for every positive n.l.s.c. function g on X, there exists / in C(X) such that 0 <f(x) ^ g{x) for each x in X. [8, 3.1, p. 237] .
Let ^ be a collection of subsets of X that are closed under finite intersection. A ^-filter ^/f is a subset of ^ such that: 0 if Mi and M 2 are in ^ then Mi Π M 2 e ^f and if G e <£*, Me and G =) Λf, then G e ^ Let G 6 9f and H e <£f. If Guiίe^ implies that G e ^C or He ^, then ^# is said to be a prime filter. A ^-ultrafilter is a maximal ^-filter, and a filter M is said to be /rββ if Π ^^ = 0 and convergent if nJ^V 0. The particular collections ^ that will be used in this paper are the zero-sets, cozero sets, closed sets and the open sets. Realcompactness may also be characterized in terms of zero ultrafilters. A completely regular, Hausdorff space X is realcompact if and only if every free zero-ultrafilter ^£ has a countable subcollection {ZJ such that n^<= 0
If A is a subspace of X, the symbol A will be used to denote the closure of A in X. If it is not clear that the closure is being taken in X, the notation cl x A will be used. Let & be a collection of subsets of X. Then ^ -{£: R e ^} and X -& = {X\R: R e 1Φ Maximal covers and α-realcompactness* The topological spaces in this paper are not assumed to be completely regular, Hausdorff unless explicitly stated. We dualize the notion of free ^-ultrafilters with the following definition. Let & be a collection of subsets of X which is closed under finite unions. *%S is called a maximal &-cover of X if <%s covers X and does not have a finite subcover, <%S c & and if for each set G in ^\^, ^ (j {G} has a finite subcover of X. The following lemmas are easily verified.
We now make the following definition. A space X is said to be a-realcompact if every maximal open cover has a countable subcover. Clearly closed subsets of α-realcompact spaces are α-realcompact. It is doubtful that α-realcompactness is a productive property. (X\Ui) . Then {C/J is a countable subcover of X and X is α-realcompact.
In order for the perfect preimage of an almost realcompact space to be almost realcompact one has to assume the domain is regular. No such condition is needed for α-realcompactness. Next we show that α-realcompactness is a generalization of realcompactness. THEOREM 1.6. Let X be a regular space. If X is almost realcompact, then X is a-realcompact.
Proof. Let ^/ί be a free closed ultrafilter. Set ^ = {U: U is open and there exists a Fe^/t such that Fez U}. ?/ is contained in an open ultrafilter ^" and by regularity πl?' = 0. Since X is almost realcompact, there exists a countable subcollection "2/" of ^" such that n^"=0. lί Ue^f, then U meets each element of ^£ so [7e ^^. Thus ^" is a countable subfamily of ^/? that has empty intersection. Hence X is α-realcompact.
A space is said to be a cb-space (weak cb) [8] if given a decreasing sequence {F n } of closed (regular closed) sets in X with empty intersection, there exists a sequence {Z n } of zero-sets with empty intersection such that Z n z> F n . The referee has pointed out that the assertion that normality implies cb is either independent of existing set-theoretic axioms (through the axiom of choice) or else false according to M.E. Rudin in 1955 Canadian Journal and recent results of Tennenbaum and Solovay. However, normality and countably paracompactness implies cb. One of the nice properties of the zero sets is that a zero ultrafilter ^/S has the countable intersection property if and only if ^ contains a prime filter which has the countable intersection property. Unfortunately, this is not necessarily true for closed ultrafilters. We do, however, have the following result.
THEOREM 1.7. Let X be a cb-space. A closed ultrafilter ^€ has the countable intersection property if and only if ^f contains a prime filter having the countable intersection property.
Proof. The sufficiency is clear. Let ^f be a closed ultrafilter and ^/ί" be a prime filter contained in ^€ such that ^€ r has the countable intersection property. Suppose there exists a collection
. Hence x$C n and C n £^/S f . Since ^&' is prime, B n e ^//'. However Γ\B n = 0, which contradicts the countable intersection property of ^//'. Thus Λ? has the countable intersection property. Then Dj e^/t^ = 0 and X is almost realcompact.
Since almost realcompact and weak-cδ implies realcompact, and for cb spaces, α-realcompactness implies that every prime closed nonconvergent filter ^/f on X has a countable subcollection ^" such that n^^" = 0, we have the following: Frolik used the following definition for only completely regular spaces, but it clearly makes sense for any space. The collection v will be called b-complete if Π ^f Φ 0 for every v-Cauchy family ^f. Note that if X is regular, then completeness of a family of open covers is equivalent to δ-completeness. It is known [3] that if X is realcompact, then the collection of all countable zero covers is 6-complete. Hence, the collection of all countable closed covers μ will be 6-complete. Frolik also shows that if X is normal and countably Thus for completely regular, Hausdorff, cfr-spaces, realcompactness is equivalent to the condition that the collection μ of all countable closed covers is α-complete, 6-complete, or complete.
Note that every space is α-complete with respect to the collection v of all maximal open covers of X. However, the property of beinĝ -complete with respect to the collection v of all maximal open covers of X appears to be a stronger property. Clearly it is closed-hereditary.
Next we show that it is preserved under perfect maps. 3* c-realcompact spaces. Let us call X c-realcompact if X is completely regular (Hausdorff) and for every p e βX\X there exists a normal lower semicontinuous function [8] on βX such that f(p) -0 and / is positive on X. THEOREM 
Let X be a completely regular, weak cb, c-realcompact space. Then X is realcompact.
Proof. Let p e βX\X and let g be a n.l.s.c. function g on βX such that g(p) = 0 and g is positive on X. Since X is weak cb, there exists a /e C(X) such that 0 < f(x) g g(x) for each a el Let /* be the Stone-Cech extension of /Λl to /3X. Since n.l.s.c. functions are determined on dense subsets, 0 <^f*(p) ^ g(p) = 0. Thus X is realcompact.
Next we investigate the relation between c-realcompact and almost realcompact. There exists a peBX\X such that Π Sf f = {p} and since jy" is an open ultrafilter on BX there exists a n.l.s.c. function/on BX such that/ is positive on X,f(p) = 0, and there exists a countable subfamily {U n } of jy" such that α; G Lζ implies that f(x) < 1/n. Then {U n Γ\ X} is a countable subfamily of j^ and ncl^ίT^nX) = 0, since / is positive on X. Thus X is almost realcompact. There exists an almost realcompact space and hence c-realcompact space that is not realcompact [1] . The problem is that the n.l.s.c. function may not be continuous at the point p. Thus for any completely regular space X there exists a smallest c-realcompact space uX between X and βX, and this space is the largest subspace of βX to which every nonnegative upper semicontinuous function on X can be extended. If X is weak cb, then uX = υX. Further υX is the absolute of uX. [5] . 4* Applications to realcompact and topologically complete spaces* Mrowka [9] has shown that if a normal space X is the union of a countable collection of closed realcompact spaces, then X is realcompact. THEOREM 
If X is the union of two closed, almost realcompact spaces, then X is almost realcompact.
Proof. Let X = F (J G where F and G are closed, almost realcompact spaces and set U = X\F and V = X\Xψ.
Then X = U{J V where U and V are open sets and U and V are almost realcompact, since they are regular closed subsets of an almost realcompact space. Let .jy be an open ultrafilter on X such that ΠJ^ = 0. Since i7U V is dense in X, it follows that U{J Ve JK But sf is prime, so Ue.^Z or Ve.sy: Assume that VejV' and set jy" = {Uf] V: Uej^f}.
Since jy" is an open ultrafilter on V, and V is almost realcompact, there exists a countable subcollection {A[} of j^" such that ΠΪ;= 0. Now let A i e S^ such that A[ = A f Π F. Then Π(Ai Π V) = 0 and hence X is almost realcompact. It is not known if normality implies weak cb. The following theorem replaces the normal and weak cb hypothesis of [1, 2.4] with cb and provides a further generalization of [6, 7.5, p. 477] . Proof. 1 <=> 2. Assume that X is topologically complete. Let μ be the uniformity generated by all continuous pseudometrics on X, and let ^ be a maximal cozero cover. Then ^ = {X\U: Ue^} is a free zero-ultrafilter. Since X is topologically complete, ^/ί is not μ-Cauchy. So there exists a p e μ and ε > 0 such that ^/ί contains no set of p-diameter <3ε. Let U ε = {U x : xeX} where U x = {yeX: p(x 9 y) < ε}. Then U ε is a normal cozero cover. If Ze^/f and xeX, then Z <£ U x so X\C/ ίc n^^ 0. Hence X\ΪZ,e^ and ί/,, G ^. Thus ^ is normal.
Conversely, assume every maximal cozero cover is normal. Let μ be the collection of all continuous pseudometrics on X and let ^€ be a μ-Cauchy s-ultrafilter. If ^ is free, then ^ = {X\F: F'€ ^T} is a maximal cozero cover and so by the hypothesis, *%f is normal. Thus there exists a pseudometric d and ε > 0 such that U ε refineŝ . The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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